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Let G be a ﬁnite abelian group of order n and Davenport constant
D(G). Let S = 0h(S)∏g∈G gvg (S) ∈F(G) be a sequence with a maxi-
mal multiplicity h(S) attained by 0 and t = |S| n+D(G)−1. Then
0 ∈∑k(S) for every 1 k t + 1 − D(G). This is a reﬁnement of
the fundamental result of Gao [W.D. Gao, A combinatorial problem
on ﬁnite abelian groups, J. Number Theory 58 (1996) 100–103].
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a ﬁnite abelian group (written additively) throughout the present paper. F(G) denotes
the free abelian monoid with basis G , the elements of which are called sequences (in G). A se-
quence of not necessarily distinct elements from G will be written in the form S = g1 · · · gk =∏k
i=1 gi =
∏
g∈G gvg (S) ∈F(G), where vg(S) 0 is called the multiplicity of g in S . We call |S| = k the
length of S , h(S) = max{vg(S) | g ∈ G} ∈ [0, |S|] the maximum of the multiplicities of S , supp(S) =
{g ∈ G: vg(S) > 0} the support of S . For every g ∈ G we set g + S = (g + g1) · · · (g + gk).
We say that S contains some g ∈ G if vg(S) 1 and a sequence T ∈F(G) is a subsequence of S if
vg(T ) vg(S) for every g ∈ G , denoted by T |S . If T |S , then let ST−1 denote the sequence obtained by
deleting the terms of T from S . We say subsequences S1, . . . , Sr of S are disjoint if S1 · · · Sr is a subse-
quence of S . Furthermore, by σ(S) we denote the sum of S (i.e. σ(S) =∑ki=1 gi =
∑
g∈G vg(S)g ∈ G).
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∑
k(S) =
⋃k
i=1
∑
i(S),
and let
∑
(S) =∑|S|(S).
Let S be a sequence in G . We call S a zero-sum sequence if σ(S) = 0. The Davenport constant of
G , denoted by D(G) is the maximal integer k such that there is a sequence of elements of G with
length k− 1 having no nonempty zero-sum subsequence. The investigation of zero-sum subsequences
with length n starts with a result of Erdös, Ginzburg and Ziv [2], stating that every sequence of
elements of G with length  2n − 1 has a zero-sum subsequence of length n. A fundamental result
of Gao [3] stating that every sequence of elements of G with length  n + D(G) − 1 has a zero-sum
subsequence of length n, uniﬁes these two areas of Zero-sum problems. For more details and some of
their applications, the reader may refer to the book of Geroldinger, Halter-Koch [5] and to the survey
paper of Gao and Geroldinger [4].
The purpose of the present paper is to improve the result of Gao [3]. To state our main result, we
introduce the following deﬁnition.
Deﬁnition 1.1. Let G be a ﬁnite abelian group of order n, S a sequence of elements of G with length
|S| = k, we say that S 0-smooth if 0 ∈∑t(S) for every 1 t  k.
By the deﬁnition, we have the following obviously fact which we will use frequently in the proof
of the main theorem.
Fact. Let G be a ﬁnite abelian group of order n, U a 0-smooth sequence of elements of G. If V ∈ F(G) is a
zero-sum sequence in G with length |V | |U | + 1, then U V is 0-smooth.
In this paper, we shall prove the following results.
Theorem 1.1. Let G be a ﬁnite abelian group of order n, S a sequence in G with length |S| = t  E(G) =
n + D(G) − 1 and 0 ∈ S with v0(S) = h(S). Then S has a 0-smooth subsequence of length  t + 1− D(G).
Corollary 1.1. Let G be a ﬁnite abelian group of order n, m the exponent of G. Let S ∈ F(G) be a sequence
in G with length |S| = t  n + D(G) − 1 and g ∈ S with vg(S) = h(S). Then lg ∈∑l(S) for every l with
1 l t + 1− D(G). In particular, we have
0 ∈
∑
n
(S), 0 ∈
∑
km
(S)
for every integer k with 1mk t + 1− D(G) and 〈g〉 ∈∑ord(g)(S).
Observe that Gao’s result can be stated as: let G be a ﬁnite abelian group of order n, S ∈F(G) a
sequence in G with length |S| n+ D(G)− 1, then 0 ∈∑n(S). Therefore Theorem 1.1 is a reﬁnement
of the result of Gao.
2. Proofs
To prove Theorem 1.1 and Corollary 1.1, we need the following lemma.
Lemma 2.1. (See [1].) Let S be a sequence of n elements in an abelian group G of order n. Then 0 ∈∑h(S)(S).
Proof of Theorem 1.1. To begin with, we see that S has a 0-smooth subsequence S0 = 0h(S) of length
h(S).
If |S S−10 |  t + 1 − D(G)  n, repeatedly applying Lemma 2.1 to S S−10 we obtain disjoint subse-
quences Si of S S
−1
0 such that
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and
∣∣S S−10 · · · S−1u
∣∣ n − 1.
It follows from the Fact that S0S1 · · · Su is 0-smooth and
|S0S1 · · · Su| t − (n − 1) D(G).
If |S S−10 S−11 · · · S−1u | < D(G), then |S0S1 · · · Su | t − (D(G) − 1) = t + 1− D(G), and so S0S1 · · · Su
is a 0-smooth subsequence of S of length at least t + 1− D(G), we are done.
If |S S−10 · · · S−1u |  D(G), by the deﬁnition of D(G), we can get disjoint subsequences Su+ j of
S S−10 · · · S−1u such that
σ(Su+ j) = 0, 2 |Su+ j| D(G), j = 1, . . . , v
and
∣∣S S−10 · · · S−1u S−1u+1 · · · S−1u+v
∣∣ D(G) − 1.
Therefore
|S0S1 · · · Su Su+1 · · · Su+v | t −
(
D(G) − 1)= t + 1− D(G).
It is easy to see that S0S1 · · · Su Su+1 · · · Su+v is a 0-smooth subsequence of S of length at least
t + 1− D(G). Theorem 1.1 is proved. 
Proof of Corollary 1.1. Put S ′ = S − g , then S ′ is a sequence with maximal multiplicity h(S ′) = h(S)
attained by 0 ∈ S . Applying Theorem 1.1 to S ′ , we have
0 ∈
∑
k
(S − g) for every 1 k t + 1− D(G).
That is kg ∈∑k(S) for every 1 k t + 1− D(G), which completes the proof. 
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